We study the superfluid behavior of a population imbalanced ultracold atomic Fermi gases with a short range attractive interaction in a one-dimensional (1D) optical lattice, using a pairing fluctuation theory. We find a new mechanism for pair hopping, assisted by the excessive majority fermions. A BEC superfluid exists only in a limited region of the parameter space, where, this mechanism, together with the quasi-two dimensionality and the continuum-lattice mixing effect, leads to an unusual constant BEC asymptote for Tc that is independent of pairing strength, in contrast to the 3D continuum or dilute 3D lattice case. On the BEC side of unitarity, a small population imbalance may strongly enhance superfluidity by raising Tc dramatically.
Ultracold atomic Fermi gases have been an ideal system for quantum simulation and quantum engineering, due to their multiple tunable parameters [1, 2] . Using a Feshbach resonance, one can vary the effective pairing strength from the weak coupling BCS limit to strong pairing BEC limit. As another widely explored parameter [3] [4] [5] [6] [7] [8] [9] , population imbalance leads to Fermi surface mismatch and thus renders pairing more difficult, causing suppressed superfluid transition temperature T c or complete destruction of superfluidity at high population imbalances [5] . Among other tunable parameters is the geometry of the system; one can put the Fermi gas in an optical lattice, such as a one-dimensional (1D) optical lattice (OL), which we shall explore here.
It is known that, in the absence of population imbalance, the leading process of the hopping of fermion pairs in a 3D lattice is via virtual ionization [10, 11] , which leads to a scaling relation for T c in the BEC regime, T c ∝ −t 2 /U , where U < 0 is the onsite attractive interaction strength. Therefore, the lattice effects strongly suppress T c , and make the superfluid phase hard to access in the BEC regime.
On the other hand, population imbalance p has been widely known to suppress or destroy superfluidity. Indeed, in a 3D homogeneous system, superfluidity at zero T will be completely destroyed at unitarity and in the BCS regime [5, 12, 13] , leaving only possible intermediate temperature superfluids. Nonetheless, in the BEC regime, stable superfluid exists even with very high p, and the minority fermions are all paired up. This has been naturally understood as a consequence of the vanishing Pauli blocking effect in the deep BEC regime, where the distribution of the constituent fermions in a Cooper pair spreads out over the entire momentum space.
In this Letter, we investigate the pairing and superfluid behavior of a Fermi gas in 1DOL with p = 0. We find that population imbalance gives rise to an extra mechanism for pair hopping, which can substantially increase T c on the BEC side of unitarity. Instead of decreasing with increasing pairing strength, T c of a BEC superfluid approaches a constant BEC asymptote. In addition, not all minority fermions are paired up in the BEC limit. For moderate and large p, large lattice constant d and/or small t, superfluidity in the BEC regime may be destroyed completely. We demonstrate that these unusual behaviors are associated with the mixing of a 2D continuum plane and a discrete lattice dimension, which leads to a constant ratio of ∆ 2 /µ, unlike in a 3D continuum or 3D lattice.
There have been many theoretical studies on Fermi gases in an optical lattice in recent years [11, [14] [15] [16] [17] [18] [19] [20] [21] . However, most studies have used the chemical potentials and magnetization as control variables and are thus limited to the weak and intermediate pairing strength regimes. In a 3D attractive Hubbard model with [22] and without [11] populationi imbalance, superfluid in the deep BEC regime exists only at low fillings.
Unlike a pure 3D continuum or 3D lattice, a 1DOL is composed of a stack of 2D planes, and is thus a continuum-lattice mixed system. When the lattice hopping integral t is small, the first lattice band will be fully occupied, in a tight-binding approximation, presuming that a large band gap exists. In this case, the Fermi gas forms a quasi-2D system. 1DOL of 6 Li has been realized experimentally with and without population imbalance [23, 24] . However, its phase diagram is yet to be explored [25] .
Here we use a pairing fluctuation theory previously developed for the pseudogap physics in the cuprates [26] , which has been extended to address the BCS-BEC crossover in ultracold atomic Fermi gases [1, 13] . This theory goes beyond the BCS mean-field approximation by self-consistently including finite momentum pairing correlations in the single particle self energy, which thus contains two parts,
, corresponding to the contributions of the Cooper pair condensate and finite momentum pairs, respectively. Here we follow the notations of Ref. [26] , so that = k B = 1, and four momenta K ≡ (ω n , k), arXiv:1904.09576v1 [cond-mat.quant-gas] 21 Apr 2019
, and G 0 (K) is the noninteracting Green's function, t pg (Q) the T matrix, ∆ sc the order parameter, and ω n (Ω l ) the odd (even) Matsubara frequency. The finite momentum pairing correlations directly lead to the presence of a pseudogap when pairing becomes strong. This theory has been applied to 3D homogeneous systems and 3D Fermi gases in a trap [13, 27, 28] , as well as on a 3D or quasi-2D lattice [11, 20] , and has been used by a few other groups [22, [29] [30] [31] . Here we adapt this theory by modifying the noninteracting atomic dispersion to address the 1DOL. The derivation of our self-consistent equations is otherwise the same, so that we shall present the result directly, with an emphasis on the unusual new findings caused by population imbalance and the lattice-continuum mixing.
We consider a short-range pairing interaction, V k,k = U < 0. The dispersion of noninteracting atoms is given by
is the in-plane momentum, t and d the hopping integral and lattice constant in the z direction, respectively, and µ σ the chemical potential for spin σ =↑, ↓. Such a one-band tight-binding lattice dispersion is justified when the lattice band gap in the z direction is tuned to be much greater than the Fermi energy in the xy plane. In the superfluid phase, we can define the pseudogap via ∆
, and the full Green's function
where
Then we have the number equations,
is the Fermi distribution function. In the superfluid regime, we have the following gap equation with pair chemical potential µ p = 0 via the Thouless criteria,
Here a finite µ p extends this equation into the non-superfluid phase. The interaction U has been replaced by the s-wave scattering length a [32] via
Here B = 1/2M , with M being the effective pair mass in the xy-plane, and t B is the effective pair hopping integral. Then we have the pseudogap equation
1 is the pair dispersion, which reduces toΩ q = Ω q − µ p when a 1 /a 0 1, e.g., in the BEC regime.
Equations (2)- (5) form a closed set of self-consistent equations, which can be used to solve for (µ ↑ , µ ↓ , ∆ pg , T c ) with ∆ sc = 0, and for (µ ↑ , µ ↓ , ∆, ∆ pg ) in the superfluid phase. For our numerics, we consider p > 0, and define Fermi mo- [33] . Now we study the asymptotic behavior in the BEC limit, µ → −∞, which allows some integrals to be performed analytically. For p = 0, µ σ = µ. In contrast, for p > 0, we have µ ↑ > 0 throughout the BCS-BEC crossover, and µ ↓ = 2µ − µ ↑ . Therefore, in the BEC limit,
From the number equations, we obtain
The exponential dependence of µ on 1/k F a is related to the quasi-two dimensionality caused by the restricted momentum space for k z , |k z | ≤ π/d. To leading order corrections, we have
Note that ∆ 2 /µ approaches a constant in the BEC limit, in contrast to its counterpart in a 3D homogeneous case, where ∆ ∼ |µ| 1/4 and thus ∆ 2 /µ → 0. For p = 0, one can easily obtain
which yields
in the BEC regime via the pseudogap equation (5) . Now for p > 0, one has to solve for µ ↑ and T c numerically,
mt , then we have
and the pair density
The coefficient a 1 is given by (13) where
For the pair dispersion, we have
, and n p is to be replaced with Eq. (12) .
Note that all the integral I's originate from the unpaired excessive majority fermions via the Fermi functions. Equation (15) suggests that the pair motion in the z direction for p = 0 is now assisted by these fermions as an extra pair hopping mechanism; a minority fermion in a pair may hop to the next site by changing its majority partner to one that is already there. Obviously, this extra mechanism will dominate the usual virtual ionization [10] in the BEC regime.
For p = 0, all I's vanish so that we recover n p = n ↓ = n/2, a 1 ∆ 2 = −n/8µ, B = 1/4m, and t B = t 2 /2|µ|. Of paramount importance is that population imbalance leads to extra terms in a 0 ∆ 2 , a 1 ∆ 2 , B and t B , which are functions of (t, p, d) but independent of 1/k F a. For t B , these extra terms become dominant so that T c approaches a constant BEC asymptote rather than decreasing with 1/k F a. At the same time, Eq. (12) indicates that n p < n ↓ for p = 0, namely, not all minority fermions are paired in the BEC limit.
In the deep BEC regime, Eq. (6) determines µ, and Eq. (8) yields the gap ∆, for given 1/k F a. Equation (5) depends on the product a 0 ∆ 2 and the ratio a 0 /a 1 , but not on ∆ separately. Then µ ↑ and T c can be obtained via solving Eq. (5) (with ∆ pg = ∆) along with Eq. (11), with the help of Eqs. (12) and (13) . Finally, µ ↓ = 2µ − µ ↑ . Shown in Fig. 1 is T c versus 1/k F a for varying imbalance p, as labeled, for a physically accessible case with t/E F = 0.2 and k F d = 2. The T c curves turn back on the BCS side, leading to an upper and lower T c for a given 1/k F a. For small p 0.0085, both branches approach a constant BEC asymptote. This should be contrasted with the p = 0 dashed curve (plotted for comparison), for which T c decreases with 1/k F a. Therefore, relative to the p = 0 case, a nonzero p will substantially raise T c on the BEC side of unitarity. For larger p 0.009, the BEC superfluid regime becomes inaccessible. The superfluid phase shrinks to zero as p increases beyond about 0.135 at 1/k F a ≈ −0.7. Our stability analysis following Refs. [5, 12] confirms that these superfluid solutions are all stable.
In Fig. 2 , we show how T c evolves quantitatively with increasing p at 1/k F a = 1 in Fig. 1 . The upper branch of T c almost jumps immediately when p increases from 0. It then slows down and reaches a maximum, before it decreases again slowly with p. At the largest possible p, it curls back into the lower branch, which eventually reaches p = 0, where the lower T c also quickly drops to 0 at the very last moment. The initial rapid increase of the upper T c and the rapid drop of the lower T c near p = 0 are fully consistent with the p = 0 case [34] .
Next, we show in Fig. 3 the asymptotic behavior of various quantities as a function of 1/k F a in the BEC regime for t/E F = 0.25, k F d = 2 and p = 0.01. The solid and dashed lines represent the fully numerical and the BEC asymptotic solutions, respectively. Figure 3(a) demonstrates that the asymptotic solutions for µ ↓ and ∆ given by Eqs. (6) and (8) works very well for 1/k F a > 2. Figure 3 
2 , µ ↑ , as well as B and B ⊥ = t B d 2 . They quickly approach their BEC asymptotes for 1/k F a > 3. In particular, the constant asymptote for t B confirms that the new excessive fermion assisted pair hopping mechanism dominates in the BEC regime. As shown in Fig. 3(c) , n ↓ > n p = a 0 ∆ 2 ; only part of minority fermions form pairs.
Finally, shown in Fig. 4 is the BEC asymptote of T c as a function (a) of p for fixed Fig. 4(a) shows the nonmonotonic behavior similar to Fig. 2 . It reveals that in the BEC limit, the large p regime is accessible only when t is big for k F d = 2. Panel (b) also confirms that for t/E F < 0.5, the BEC limit is accessible only for p < 0.2. The T c curve for small p is nonmonotonic in t and p. In panel (c), we keep 2mtd 2 = 0.2 fixed in the physically accessible range while varying d. The curves show that for larger p, a smaller d is needed to have superfluidity in the BEC limit; a smaller d means a larger phase space for k z , making the system more 3D. In all three panels, T c has a hard time to reach zero T numerically; here t B plummets to 0 rapidly (see Supplementary  Figs. S1 and S2) . Interestingly, as shown in panel (d), when this happens, the ratio n p /n ↓ seems to always approach 0.5, namely, precisely half of the minority fermions form pairs.
We have studied various situations for a big range of (t, p, d) and found that the superfluid phase in the BEC regime exists only for relatively a small portion of the parameter space. Increasing t in Fig. 1 may make the curves closer to their counterpart in 3D continuum [12] , for which the lower T c branch will bend down and vanish at intermediate pairing strength, allowing a stable BEC superfluid at T = 0. See, e.g., Supplementary Fig. S3 . However, one needs to keep t small to be physically accessible. On the other hand, decreasing t may easily destroy the superfluidity in the BEC regime, so that superfluids exist only in a small region. Overall, in the multidimensional (t, d, p, T ) phase space in the BEC limit, the superfluid phase exists only for small and intermediate d, To understand the destruction of superfluidity at large d and small t, we note that the k z space is restricted to |k z | ≤ π/d. The average filling factor in the lattice dimension is (n/2) 1/3 d ≈ 0.257k F d. Therefore, when d is large, more fermions will occupy the high k states, leaving the band in the z direction nearly full. Even a moderate k F d may place the system in the high filling regime in theẑ direction. This high density, together with population imbalance, may readily cause the superfluidity to disappear when pairing becomes strong [11] . In addition, a small t may further force the k z states fully occupied, leading to a nearly uniform distribution on different k z states. This will push the system towards an insulator in theẑ direction. Furthermore, due to the restricted k z space, the Pauli blocking effect can no longer be eliminated in the z direction, unlike the 3D homogeneous case.
In summary, we find that, in a 1DOL, a BEC superfluid exists only in a restricted small parameter space of (t, d, p). A finite p leads to an extra pair hopping mechanism which dominates the p = 0 process in the BEC regime, so that a nonzero p may enhance the superfluid T c on the BEC side of unitarity, and lead to a constant BEC asymptote for T c . Furthermore, not all minority fermions form pairs even in the deepest BEC limit. Since the enhancement and destruction of superfluidity start to show up already in the shallow BEC regime, they are easily testable in future experiments. The enhancement suggests that one does not need to keep exact balance experi-
